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ABSTRACT 

A primary teacher needs mathematical problem solving ability. That is why Dutch student teachers have to show this ability in a nationwide mathematics test that contains many non-routine problems. Most student teachers prepare for this test by working on their own solving test-like problems. To what extent does these individual problem solving activities really contribute to their mathematical problem solving ability? Developing mathematical problem solving ability requires reflective mathematical behaviour. Student teachers need to mathematize and generalize problems and problem approaches, and evaluate heuristics and problem solving processes. This demands self-confidence, motivation, cognition and metacognition. To what extent do student teachers show reflective behaviour during mathematical self-study and how can we explain their study behaviour? 

In this study 97 student teachers from seven different teacher education institutes worked on ten non-routine problems. They were motivated because the test-like problems gave them an impression of the test and enabled them to investigate whether they were already prepared well enough. This study also shows that student teachers preparing for the test were not focused on developing their mathematical problem solving ability. They did not know that this was the goal to strive for and how to aim for it. They lacked self-confidence and knowledge to mathematize problems and problem approaches, and to evaluate the problem solving process. These results indicate that student teachers do hardly develop their mathematical problem solving ability in self-study situations. This leaves a question for future research: What do student teachers need to improve their mathematical self-study behaviour?
INTRODUCTION
The need for mathematical problem solving ability

Modern society needs people who can identify and solve mathematical problems both in daily life and professionally. That means that these people can use their mathematical problem solving ability to construct new problem approaches for non-routine mathematical problems (Drijvers, 2015). They try to combine and adjust problem approaches they already possess to make them applicable in new situations.
It is important that student teachers who want to become primary teachers develop enough mathematical problem solving ability, in the first place because they are members of modern society. Like all other members of society they need problem solving ability to face the challenges of daily life. But more importantly, one day they will become primary teachers, responsible for preparing their students for modern society. This implies that they will need to coach and stimulate their students to develop their mathematical problem solving ability. That is why, in their third year in teacher education, all Dutch primary student teachers have to pass a nationwide mathematics test, which consists of many non-routine problems. Figure 1 shows an example of a non-routine mathematics problem on the level of the nationwide mathematics test. 
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Figure 1: An example of a non-routine mathematics problem on the level of the nationwide mathematics test for primary student teachers.

Student teachers have to show enough mathematical problem solving ability to solve the problems of the test. During their education they work hard to develop this.
DEVELOPING PROBLEM SOLVING ABILITY BY REFLECTION
Mathematical problem solving ability consists of two components. Cognition, consisting of knowledge of mathematical problems and problem approaches, and metacognition consisting of knowledge of heuristics and problem solving processes (Pólya, 1990; Selden et al., 2000; Drijvers, 2015). Heuristics are – sometimes informal – methods to construct a problem approach for a problem if a suitable problem approach is not available. Heuristics support people to work systematically on non-routine problems. Examples of mathematical heuristics are for instance: look for a pattern, draw a diagram, make a graph or table, guess and check, simplify the problem, make a model, or work backwards (Verschaffel et al., 1999; Keijzer et al., 2016). The well-known problem solving process devised by Pólya consists of the following four steps:
1. Understand the problem;
2. Devise a plan;
3. Carry out the plan;
4. Look back, reflect on your work.
(Pólya, 1990)

Many variations on this four steps problem solving process have appeared over the years, but they have many similarities.
To solve non-routine mathematical problems one needs mathematical knowledge about problems and problem approaches and knowledge about the process of problem solving. 

As mentioned before, Dutch primary student teachers work hard to develop their mathematical problem solving ability. To achieve this, they attend meetings with fellow students guided by a teacher educator. They also practice problem solving at home, where they try to solve test-like non-routine mathematical problems on their own. Solving these problems can be a good way to start, but to develop mathematical problem solving ability, just solving problems is not enough. Like Pólya and many others previously explained, it is important that after trying to solve a problem one reflects on and evaluates the mathematical work. One needs to relate discoveries, experiences and new knowledge to present knowledge (Van Streun, 2001; Ambrose et al., 2010). 
Reflecting on problem solving activities involves:
· looking for the underlying mathematical structure of the problem and relating the problem to comparable ones (horizontal mathematising),

· generalizing and abstracting the given problem approaches to construct mathematical knowledge (vertical mathematising),

· reflecting on and evaluating heuristics and the problem solving process.

 (Gravemeijer, 1994; Nelissen, 2007)
Mathematical reflection is a challenging job. In addition to cognition and metacognition about problem solving, it also requires an appropriate attitude, consisting of self-confidence, perseverance and motivation, to really do the reflection (Verschaffel et al., 1999; Kostons et al., 2014). It is a demanding task for student teachers to show reflective mathematical behaviour, particularly in self-study situations.
RESEARCH QUESTION

During meetings in teacher education teacher educators invite and stimulate student teachers, after they have worked on a non-routine mathematical problem, to reflect on their work. They show the student teachers how they can relate new and present knowledge and let them evaluate and discuss about problem approaches and problem solving processes. Student teachers appreciate this, but the teacher educator’s time is limited. This means that student teachers also need to prepare themselves for the nationwide mathematics test through self-study. To do this, they ask their teacher educators to provide them with non-routine mathematical problems on the level of the national test, that they can use to practise problem solving. Many teacher educators advice their student teachers to use the problems from the knowledge base test website
. This is a popular website that contains a good amount of suitable problems to practise for the test. Each problem on this website is solved in different ways, and after the student teachers have tried to solve the problem themselves they can reflect on their work using the provided problem approaches. Although this website offers good opportunities to develop mathematical problem solving ability and it is widely used, teacher educators experienced that their student teachers did not make the most of the available opportunities, and they doubted the yields of the self-study behaviour of their students.
That leads us to the following research question: 

To what extent are student teachers’ self-study activities supportive for developing their mathematical problem solving ability? And how can we explain their study behaviour?

We worked on this research question using the following sub-questions:

1. To what extent do student teachers working on non-routine mathematical problems:

- look for the underlying mathematical structure of the problems and relate the problems to comparable ones (horizontal mathematising);

- generalize problem approaches to construct mathematical knowledge (vertical mathematising);

- reflect on and evaluate their use of heuristics and the problem solving process?

      2.    With which attitude (intention, self-confidence and motivation) do student

             teachers work on non-routine mathematical problems?

METHOD
This study explores the behaviour of student teachers preparing for the mathematics test in self-study situations. As there are many variables that might influence student teacher behaviour, a case study is appropriate here (Yin, 2009). 
97 third-year student teachers spread over seven groups from seven different teacher training institutes voluntarily participated in the project in their own time. This took place a few weeks before they could take part in the nationwide mathematics test. 
The participants worked for 45 minutes on ten non-routine mathematical problems on the level of the nationwide mathematics test for student teachers. These problems had been selected from the popular website mentioned before. Each problem was provided with multiple video recorded problem approaches. During the experiment the participants could use this material, problems and problem approaches, in their own way and self-chosen order.

Although 10 to 15 student teachers were sitting together in the same room, they worked individually on their computer with headphones, without asking questions. Scrap paper use was allowed. The teacher educator who was around observed the student teachers, but was not allowed to answer substantive questions. 
Four instruments were used to collect data: a survey, an interview, teacher educator’s observational notes and the student teachers’ scrap paper. 

· a survey; after their time working on the problems was over,  the student teachers completed a digital questionnaire, 
· a group interview; immediately after they completed the individual questionnaires, the student teachers participated in a group interview. The teacher educator who took the group interview repeated the questions from the survey and invited student teachers to provide their answers with examples, arguments and explanations. Each interview was recorded.

· In the survey and the group interview the questions focused on three subjects:
1. The student teachers’ behaviour when working on the problems.
2. The student teachers’ use of: 
a. the problems and the problem approaches;
b. the heuristics and problem solving process;
and their reflection on these.

3. The student teachers’ attitude – intention, motivation, self-confidence – when they were working on the problems.
· The teacher educator observed the student teachers and made notes to describe their behaviour when they were working with the material.

· The teacher educator collected student teachers’ scrap paper or took pictures of it in case the student teacher wanted to keep the scrap paper.

All four elements, survey, interview, teacher educator’s field notes and student teachers’ scrap paper, were used in data analysis. The analysis focused on the way student teachers reflected on problems structures and problem approaches (cognition), on heuristics and problem solving processes (meta-cognition), and on their intention, self-confidence and motivation to work with the materials (attitude). 
RESULTS
During the 45 minutes the participating student teachers worked hard and seriously. The available time enabled them to work on about six of the ten given problems. Almost all the student teachers started with the first problem and continued in the presented order. They  could solve about half of the problems correctly. They were satisfied with the problems because they recognized them as test-like items, which made it useful to work on them. They used their time to solve problems, but they hardly looked at the problem approaches. After trying to solve a problem, most students checked their answer. If it was correct, they immediately continued to the next problem. If the answer was wrong, they quickly glanced at the problem approaches, but even then they preferred to go on with the next problem. They were a bit more willing to look at the available problem approaches when they had no idea how to solve the problem themselves, or occasionally if they could recognize at once a problem approach that was more efficient or easier than their own. In the interviews some student teachers stated they only looked at the problem approaches to find confirmation of their own problem approach. As soon as they had found their problem approach, they continued to the next problem.

Overall the participants hardly used the presented problem approaches. During the group interview they explained why:
· They did not realize that comparing problem approaches and reflecting on their own work was important for developing mathematical problem solving ability.

· They found it hard and confusing to compare problem approaches. They were afraid that studying alternative problem approaches would disturb them. They preferred to use their own problem approaches during the stressful nationwide mathematics test.
· They preferred solving more problems superficially over only a few problems in depth, as time was limited.

The student teachers’ scrap paper contains many calculations (see figure 2 for a typical example). 
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Figure 2. Scrap paper of a student teacher. Calculations without mathematical or problem solving remarks.

This makes it clear that they really worked hard during the given time, but notes about problem approaches, problem structures, heuristics or steps in the problem solving process are lacking completely. Specific mathematical or heuristic learning outcomes were not reported by the student teachers. 
When the student teachers were asked what they had learned from participating in this experiment, they did not mention examples of mathematical knowledge or heuristics or aspects of problem solving processes. In spite of this, they were very enthusiastic about their participation, because it was a good opportunity to reach for their own goal. This goal was not developing mathematical problem solving ability, but getting an impression of the nationwide test. They wanted to get acquainted with test-like problems, and they wanted to investigate whether they were already prepared enough to solve these problems. They actually wanted to know if they were already able to pass the test. They hardly used the provided problem approaches, because they did not realise that these could be used to reflect on their own problem approach, to develop mathematical problem solving ability. Besides that, they lacked the self-confidence to compare their problem approach with alternative problem approaches. They were afraid that this would confuse them.
CONCLUSIONS AND DISCUSSION
The research question we start with was to what extent student teachers’ self-study activities are supportive for developing their mathematical problem solving ability, and how we can explain their study behaviour. Since reflection on cognition and metacognition is the most important activity to develop mathematical problem solving ability, we focused our research on this aspect.
The results of the research made it clear that student teachers working in self-study situations on test-like non-routine mathematical problems and problem approaches hardly reflect on their work. They do not look for the underlying mathematical structure of problems, they do not compare and generalize problem approaches, they do not evaluate heuristics and problem solving processes. 

There are several reasons for this behaviour. Student teachers do not realize that they have to develop mathematical problem solving ability and what that requires, they lack self-confidence and motivation to study alternative problem approaches, they do not want to spend time on it, and the most important reason for this behaviour is the fact that they use the problems to reach their own goal: getting acquainted with as many test-like items as possible and investigating if they can solve these already. They work hard towards this goal, that is to say that they study many problems rather superficially. It is not clear if this is an effective way to reach their own goal, but it is crystal clear that these non-reflective self-study activities will not contribute to the development of their mathematical problem solving ability.
The next question is what we can do to change the behaviour of student teachers during mathematical self-study activities, to challenge them to reflect in these situations and develop their mathematical problem solving ability. 

A peer review with Dutch mathematics teacher educators
We discussed this question with Dutch teacher educators at the ECENT/ELWIeR-conference in Utrecht on the 19th of May 2017. These teacher educators were convinced that to change their self-study behaviour, student teachers first need knowledge. They need to know that solving non-routine mathematical problems means that they cannot use a memorised standard approach. They must realise that non-routine problems are new unknown problems that only can be solved by constructing their own new problem approaches. To construct these, student teachers need knowledge of mathematical problems and problem approaches, but also of heuristics and problem solving processes. Student teachers need to experience that they can develop their mathematical problem solving ability by reflecting on their own problem approaches, for instance by comparing them with alternative problem approaches. But even if student teachers are conscious of this, they need a suitable attitude to actually do it. They must be convinced that it is valuable to work on this goal, and they also need much time, challenge and support. 

The teacher educators had many suggestions to improve the self-study materials.

They believe that showing non-routine problems and several problem approaches is a good start, but the student teachers need enough time, support and challenge to use the materials in an effective, that is to say reflective way. To reach this one can:
· add reflections to the problem approaches, for instance reflections of experts who make explicit the mathematical features of the several approaches and also draw attention to the used heuristics and the problem solving process,
· provide student teachers with hints during their problem solving. These hints can anticipate on alternative problem approaches, or make student teachers conscious of the use of heuristics or the steps of the problem solving process,
· connect an extra problem to each problem. This problem must look different at first sight, but must have a link to the first problem, for instance because of its mathematical problem structure, or perhaps because of the heuristics that can be used to solve the problem. This can stimulate student teachers to reflect on the first problem, because that can helps them to solve the second one,
· impulses to stimulate student teachers to work together on the non-routine problems. Let them compare and discuss problem approaches with other student teachers. In this way the reflection and the constructing knowledge about mathematics or problem solving processes can happen more naturally.

It is worthwhile to test these suggestions in a new research. But in spite of that, many teacher educators doubt whether it is possible to develop mathematical problem solving ability without a teacher educator. 
A teacher educator can for example give hints, ask questions, stimulate student teachers to reflect on their work and on alternative problem approaches (Engle, 2006). Zimmerman (2010) and Kostons et al. (2014) state that hints and impulses to develop cognitive and metacognitive knowledge and skills are more effective if they are given by a teacher in a face-to-face situation. And perhaps most important: teacher educators can give task appreciation and encouraging process feedback, which means affective support and motivation (Hattie & Timperley, 2007; Kostons et al., 2014).
It is clear that it is complicated to develop mathematical problem solving ability without the support and challenge of a teacher educator. But student teachers who have to do this deserve our attention to design and evaluate the best materials to support them as much as possible.
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